Let R be an integral domain and x € R which is a product of irreducible elements. Let l{x) and L(x) denote respectively the inf and sup of the lengths of factorizations of x into a product of irreducible elements. We show that the two limits, l{x) and L{x), of l{x")/n and L{x")/n , respectively, as n goes to infinity always exist. Moreover, for any 0<a<l</?<oo, there is an integral domain R and an irreducible x £ R such that l{x) = a and L{x) = ß .
Abstract.
Let R be an integral domain and x € R which is a product of irreducible elements. Let l{x) and L(x) denote respectively the inf and sup of the lengths of factorizations of x into a product of irreducible elements. We show that the two limits, l{x) and L{x), of l{x")/n and L{x")/n , respectively, as n goes to infinity always exist. Moreover, for any 0<a<l</?<oo, there is an integral domain R and an irreducible x £ R such that l{x) = a and L{x) = ß .
Let R be an integral domain and R* = R-{0} . A nonunit x £ R* is said to be irreducible (or an atom) if whenever x -ab , a, b £ R, either a or b is a unit of R. Given an x £ R which is a product of irreducible elements, we define lR(x) = inf{n\x = xx • • ■ xn, x¡ € R irreducible} and LR(x) = sup{«|x = jCj • • -xn, x¡ e R irreducible}. We also define lR(x) = LR(x) = 0 when x is a unit of R. When no confusion can occur, we delete the subscript R. Thus 1 < l(x) < L(x) < oo for each x £ R* which is a product of irreducible elements. Although l(x) is always finite, we may have L(x) = oo (see Example 1(c)). It is easily verified that l(xy) < l(x) + l(y) and L(xy) > L(x) + L(y) for all x, y £ R* which are a product of irreducible elements.
An integral domain R is atomic if each nonunit of R* is a product of irreducible elements. Any Noetherian domain, or more generally, any domain which satisfies the ascending chain condition on principal ideals (ACCP) is atomic; however, an atomic domain need not satisfy ACCP [2, 5] . If R is an atomic domain, we have thus defined two length functions lR: R* -Z+ and LR: R* -Z+ U {00} . An atomic domain is a half-factorial domain (HFD) if any two factorizations of a given nonunit of R* have the same length. In this case, l(x) = L(x) is finite for each x £ R* and l(xy) = l(x) + l(y) for all x, y £ R*. Moreover, HFD's are characterized by the existence of such a length function [4, Lemma 1.3] (See [1] for a study of several factorization properties weaker than unique factorization in an arbitrary integral domain. ) We first show that l(x) and L(x) may assume all allowable values (of course, l(x) = 0 (resp., 1) <=> L(x) = 0 (resp., 1)). We next consider the asymptotic behavior of l(x) and L(x). We first show that the two limits l(x) -lim l(x")/n and L(x) = lim L(x")/n n*-+oo n*-*oo always exist (L(x) may be infinite). We then show that any nonnegative real number or 00 may be realized as such a limit. Note that if R is a HFD, then these limits are both l(x) (= L(x)). We first give a few elementary examples. , where {Kn\0 < n < oo} is a strictly increasing sequence of subfields of a field K. Then X is irreducible and for all « > 2, l(X")j= 2 for n even, l(X") = 3 for n odd, and L(X") = n . Thus 1(X) = 0 and L(X) -1. Again, details are left to the reader.
We next give the first of our two main results. It is interesting to compare this with the asymptotic theory of ideals [3] . This proof is essentially the proof of We were initially interested in comparing l(x") to nl(x) and L(x") to nL(x). Since l(x") < nl(x) and L(x") > nL(x), we have 0 < l(x")/nl(x) < 1 < L(x")/nL(x) < oo (when l(x) == 0 and L(x) < oo). It thus seems natural to consider the two limits l(x) and L(x) when divided by l(x) and L(x), respectively (again when l(x) ^ 0 and L(x) < oo). We thus have 0 < a = l(x)/l(x) < 1 < ß = L(x)/L(x) < oo . We next give our second main result by showing that each such possibility for a and ß can actually occur. We first need a technical lemma about monoid domains. Proof. We show that 1(X) = l/d. The proof for L(X) is similar and will be omitted. Suppose that X" = (Xq^ ■ ■■ (Xq>)r* for qx, ... , qs £ T. Then n = qxrx + ■ ■ ■ + q/s < d(rx + ■■■ + rs), and thus l/d < (rx + ■■■ + rs)/n. Hence l/d < l(X")/n for all n > 1. Let e > 0. Choose q £ T with 0 < l/q -l/d < e/2. Write q = a/b for integers a, b > 1 . For each n > 1, n = tna + rn for nonnegative integers tn and rn with 0 < rn < a. Thus n = (tnb)q + rn, so X" = (Xq)l»hXr", and hence l(Xn) < tnb + rn . Thus l(X")/n < (tnb + rn)/(tna + rn). As (tnb + rn)/(tna + r") -b/a = l/q as « -oo, there is an A'' such that (tnb + rn)/(tna + rn) < l/q + e/2 for all integers n > N. Hence for n > N, l/d < l(X")/n < l/q + e/2 < l/d + e . Thus l(X) = l/d. D
To show that all allowable values for l(x) and L(X) can be obtained thus amounts to finding suitable submonoids of Q+ for which to apply Lemma 4. For the remaining seven cases, we will just give the set A (= T) and S will be the submonoid of Q+ generated by A . The two sequences {ck} and {dk} are as in (ii) above. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proof. Use the construction in Theorem 5 with distinct indeterminates X for each y £ W. (This corresponds to letting S be the direct sum of the S 's.) D
We end with a conjecture which is again reminiscent of the case for ideals [3, Theorem 4.16, p. 67 ]. Note that Example 2(a) shows that each positive rational number may be realized by a Noetherian Krull domain.
Conjecture. // R is either a Noetherian domain or a Krull domain, then 7(x) and L(x) are positive rational numbers for each nonunit x £ R*.
